Abstract-Membrane distillation (MD) is a thermally driven process where only water vapor is passed through a hydrophobic membrane. Several models have been proposed to study this process, yet most of them assume steady-state conditions. This work presents a new approach to model Direct Contact Membrane Distillation (DCMD) dynamics based on the analogy between electrical and thermal systems. A lumped-capacitance dynamical model accounting for mass, energy, and momentum balance was derived and simulated in Simulink. First, the model was validated by considering three measures: the temperature distribution along the flow direction, the effect of feed linear velocity on the output temperatures, and total mass flux. The simulation results were compared with experimental data reported in the literature and showed very close match to the experimental measurements.
I. INTRODUCTION
Membrane distillation (MD) is a promising technology to overcome the shortage of fresh water supply. It is a thermally driven process where only water vapor is passed through a hydrophobic membrane. The temperature difference between a hot feed stream and a cold permeate stream induces a partial vapor pressure difference across the membrane which drives the mass transfer process through the membrane. MD can have several configurations, such as: Direct Contact Membrane Distillation (DCMD), where both the feed and the permeate solutions are in direct contact with the membrane; Air Gap Membrane Distillation (AGMD), a stagnant air gap between the membrane and the permeate is introduced to reduce heat losses; and Vacuum Membrane Distillation (VMD), in which a vacuum is applied at the permeate side to promote flux transfer; each configuration has its pros and cons [1] . There are several applications of MD such as sea water desalination [2] , waste-water treatment [3] , and heavy metal removal [4] .
MD offers great advantages, unlike the well-known reverse osmosis, it operates at a lower hydrostatic pressure and usually the feed water temperature is between (40-80 • C). Therefore, MD requires low energy and can operate on waste heat or solar and renewable energy. As a result, MD is a promising stand alone solution that requires minimum infrastructure to water desalination [5] . However, there are still several limiting drawbacks to MD mainly the low production rates of distilled water flux in contrast to conventional 1 Ayman Karam is with the Computer, Electrical and Mathematical Science and Engineering division (CEMSE) at King Abdullah University of Science and Technology (KAUST), Thuwal, KSA ayman.karam@kaust.edu.sa 2 T.M. Laleg-Kirati is with the Computer, Electrical and Mathematical Science and Engineering division (CEMSE) at KAUST, Thuwal, KSA taousmeriem.laleg@kaust.edu.sa desalination techniques. Also, the mass transfer driving force is reduced by the difference in temperature between the bulk and the membrane interfaces at both feed and permeate sides, where evaporation/condensation takes place respectively (see Fig. 1 ). This is known as the temperature polarization effect [6] . To overcome these limitations and reduce their effect, the dynamical relations governing the process variables need to understood and modeled.
Several models have been proposed for the MD processes. In [7] a steady-state zero dimensional model was introduced based on basic mass and heat conservation laws to experimentally estimate the heat transfer coefficient of the thermal boundary layer and the temperatures at the membrane feed/permeate interfaces. A two dimensional model was proposed in [8] based on steady-state laminar flow energy balance to predict the temperature polarization on membrane surfaces and the total mass flux. These theoretical results were then compared with experimental measurements. Another study [9] proposed an optimization scheme for solar powered AGMD desalination system. Dynamic partialdifferential equations (PDEs) were derived for each element and the overall system performance was optimized. However, the model did not account for the feed salt content. In [10] , a DCMD model was presented based on steady-state laminar Navier-Stokes equation for momentum balance coupled with energy and mass balance equations to study the temperature distribution along the flow direction and estimate the overall mass flux. Simulation results were validated against experimental data and suggestions on the module design were made comparing co-current and counter-current flow configurations. Another study [11] presented a steady-state cell-based distributed model for three configurations: DCMD, AGMD, and VMD to compare their energy efficiency according to gained output ratio criterion. Most of the reported studies are limited by steady-state assumption or computationally not suitable for real-time control and optimization. Therefore, in [2] a black-box model based on neural network for optimization and control of a solar powered MD module was developed. Another study proposed a 2D model for the DCMD based on the advection diffusion PDE [12] . However, control of distributed systems is challenging and still not done in this case.
Control systems are key factors for process improvement and safe operation. Model predictive control [13] , optimization based control [14] , and fault tolerant control [15] are examples of techniques applied to reverse osmosis desalination process. The lacking of dynamical models for MD that can be adapted for control applications is the motivation for this study. Unlike black box models, this work aims at developing a dynamical physical model that gives more insight into the process. Using analogy between electrical and thermal systems, a dynamical lumped-capacitance electrical thermal network (ETN) model is derived for the heat and mass transfer processes in DCMD. This model accounts for the temperature gradient along the flow direction in both feed and permeate channels as well as for the thermal boundary layer at the membrane interfaces. ETN models offer simplicity to study complex systems and facilitate simulation without the complexity of PDE models that introduce many states that are not observable in practice. Indeed ETN methods have been used to describe the dynamic behavior of many industrial and biological systems such as heat exchangers [16] , and the human cardiovascular system [17] . Moreover, it was shown that the transient diffusion phenomena can be described by electrical analogue [18] , and the heat transfer due to non-steady fluid flow was also modeled by electrical analogue [19] . Literature above motivated the method presented in this work.
This paper is organized to give a complete overview of DCMD modeling, starting by the mathematical model of DCMD based on heat and mass balance equations. Followed by driving the electrical analogy for thermal elements to apply it later for DCMD modeling in Section II-C. Finally, the proposed electrical analogue model for DCMD undergoes a series of tests and validation steps which are presented and discussed in Section III.
II. THEORY
Membrane distillation is a transport process in which both mass and heat transfer occurs simultaneously. In this section mathematical equations will be derived for mass and heat transfer in DCMD based on plate and frame configuration as depicted in Fig. 1 , also refer to Table I for nomenclature. In this setup, hot water is passed along a hydrophobic membrane from one side, called the feed, and cold water flows in counter direction along the other side, called the permeate. As long as the water pressure across the membrane is kept below the liquid entry pressure (LEP), only water vapor is passed through the porous membrane, which means that liquid-vapor boundary layer is formed at feed/permeate membrane interfaces. As a result, temperature at the boundary layer differs from that of the bulk on both sides. Other factors affect the transport process as well such as feed salt concentration, mass flow rates and inlet temperatures of the feed and permeate. Therefore, a dynamic relation between input (manipulated) variables and output variables is desired to understand the process and propose control and optimization strategies. One can also account for disturbance variables such as the feed salt content.
A. Mathematical model of DCMD
Since MD is a distributed-parameter system, an approximate approach can be employed to model heat and mass transfer. This work is based on lumped capacitance cellbased modeling approach. Considering a control volume cell ( Fig.2) , the MD can be modeled in discrete steps. Each cell is assumed to have uniform bulk temperatures (T b f , T bp ) except at the membrane interfaces (T m f , T mp ). Combining sufficient number of these cells together, a complete behavior of DCMD can be achieved.
In this model the following assumptions are made:
• Specific heat and density of water are constants.
• Heat transfer coefficient of the membrane is constant.
• The membrane transport coefficient (B m ) is constant.
1) Mass transfer:
There are several models in the literature for the mass flux through the membrane. But, they all rely on the basic principle of partial vapor pressure difference across the membrane given as:
However, the saturated water vapor pressure at the membrane feed interface is reduced by the salt content. To account for that, the following relation is used [6] :
where P sat w , the saturation vapor pressure for pure water, is given by the Antoine equation in (Pa) for T in • C as [20] :
2) Heat transfer: Based on the schematic diagram of the i th control volume cell of DCMD module (Fig. 2 ), an energy balance at the feed bulk side gives: 
Molar fraction of NaCl salt Z Impedance (Ω)
where: M f i and T f i are the mass flow rate and temperature inputs to the i th feed cell respectively, M f i+1 and T f i+1 are the mass flow rate and temperature of the i + 1 feed cell respectively. Performing an energy balance at the feed membrane interface side gives:
The latent heat of vaporization H v in (KJ/Kg) as a function of temperature can be expressed as:
Performing an energy balance at the permeate membrane interface side gives:
Performing an energy balance at the permeate bulk side gives:
where: M p i+1 and T p i+1 are the mass flow rate and temperature inputs to the i th permeate cell respectively, M p i and T p i are the mass flow rate and temperature of the i − 1 permeate cell respectively. The heat transfer coefficients at the membrane boundary layers (h f and h p ) are given by the following correlation [7] , where Re and Pr are the Reynolds and Prandtl numbers respectively:
The membrane heat transfer coefficient is given by [7] :
The energy balance equations do not account for the water momentum, this will be addressed later in the electrical analogy for DCMD in II-C. But first, the analogy between electrical and thermal systems will be derived in the following section.
B. Electrical analogues for thermal elements
The analogy can be derived from the basic equations of electrical and thermal systems. Let's start by considering the one dimensional heat conduction through an element of cross sectional area A cs and thermal conductivity k and thickness of δ x, the heat transfer rate is given by the Fourier's law as:
The difference of heat transfer rates between two parallel surfaces is equal to the heat absorbed to raise the temperature of the control volume, as given by:
Substituting (11) into (12) gives the one dimensional heat diffusion equation as:
In order to complete the analogy, we now consider a section of a uniform transmission line as depicted in Fig.  3 , where the line resistance and capacitance (R e , C e respectively) are given per unit length. For some length δ x, the total resistance and capacitance are R e δ x and C e δ x respectively. Using Ohm's law we have:
Applying Kirchoff's current law gives:
Taking the limit as δ x → 0 for (14) and (15) respectively gives:
Combining equations (16) and (17) results in the telegraph equations:
Comparing (16) with (11) and (17) with (12), leads to the following analogy between electrical and thermal systems as shown in Table II .
.
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C. Electrical analogy for the DCMD
Based on the equations derived for DCMD cell, an electrical analogue is constructed to simulate heat and mass transfer in DCMD setup.
The electrical analogue of the i th cell of the MD module is shown in Fig. 4 . The thermal capacity of the feed and permeate bulk sides is represented by C bf , C bp respectively. Temperature drops across the thermal resistances R f , R m , and R p , which are the resistance to heat transfer at the feedmembrane boundary layer, through the membrane, and at the permeate-membrane boundary layer respectively. q i f , q i m , and q i p are the heat transfer rates (in Watts) due to mass transfer at the feed side, through the membrane, and at the permeate side respectively. Apart from the series impedance Z i , Table III details the expression of each element. The network should be fed and terminated properly to account for the heat transfer rates into and out of the system. This will be discussed later as well as the series impedance.
1) Feeding and terminating the network: The rate of heat supplied (in Watts) at the feed inlet is given by:
Therefore, the network should have an input impedance of 1/(M f in c p ) in order for a voltage of (T f in ) to develop at the input terminal of the network. Also, the network should be fed by a voltage source (T f in ) with zero output impedance. Similarly, the rate of heat leaving the MD module at the feed outlet is:
Therefore, the network is terminated with a resistance (R t f = 1/(M f out c p )) to develop a voltage (T f out ) across R t f . Using similar argument for the permeate side, the inlet temperature is also manipulated by a voltage source (T p in ) and the outlet is terminated with a resistance R t p = 1/(M p out c p ).
2) The series impedance Z i : The series impedance is used to develop the temperature gradient along the flow direction in both feed and permeate sides. The feed side analogue must have a characteristic impedance Z f0 1/(M f in c p ) such that a voltage T f in is developed at the feed input terminals. Based on the analysis developed for the heat exchange analogue [16] and some intuition, the impedance value Z i f should be independent from the permeate side analogue and the network can be simplified to have the form depicted in Fig. 5 , where the shunt thermal resistance R and the series impedance Z i 
are unknown and to be identified experimentally. Based on the result reported in [16] the series resistance R i fz should take the following form:
Several values were tested for the shunt resistance R until the correct response is achieved. Then, the inductor value was designed such that the dynamic response of the over all system is damped. Therefore the complete form of the series impedance is given as:
where :
Similar argument can be made for the permeate side analogue to drive the form of the series impedance Z i p . Therefore, Z i p is given as:
Heat is stored in the feed and permeate streams and transferred by their flows. Therefore, the heat transfer along 
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Expression Unit the flow direction is highly affected by the flow inertia which resists sudden changes to the flow momentum. Hence, it is important to consider the conservation of momentum in the MD modeling. The thermal inductor accounts for the flow inertia and converts potential energy stored in the thermal capacitor to kinetic energy transferred by the stream mass flow rate and vice versa. This oscillatory behavior is damped by the heat transfer resistance. The energy balance equations are completed by taking into consideration the thermal inductor. In this proposed model the states are the temperature in each cell, the manipulated variables are the inlet feed and permeate water temperatures and flow rates, the controlled variables are the water mass fluxes in each cell which together make the overall water mass flux of the DCMD module.
III. MODEL VALIDATION AND DISCUSSION

A. Simulink implementation
The ETN model is implemented using Simscape library in Simulink environment. The network has 7 main subsystems blocks, as follows: the feed source block, where the feed inlet temperature and flow rates can be adjusted; The permeate source block; feed cell block; membrane cell block; permeate cell block; feed terminating block; permeate terminating block. The equations presented in this model are best solved using a stiff solver with variable step size. In this work simulation was carried out using the continuous ode15s solver.
The ETN can have as many cells as desired with increasing accuracy. Using Matlab script, the main blocks' parameters can be adjusted to account for the total number of cells. In this work, a total of 10 cells were used to simulate the DCMD set-up described in [10] . This set-up is a flat-sheet DCMD module with the following effective dimensions: Length of 0.4 m, width of 0.15 m, and feed/permeate channel thickness of 0.001 m. The module configurations along with the membrane characteristics were used in the proposed ETN model.
In order to validate the ETN model, a comparison was made between the experimental data reported in [10] and the ETN simulation results. Three tests were made; the following details each one.
B. Temperature distribution along the flow direction
The temperature distribution along the flow direction was simulated for the following settings: counter-current flow, feed and permeate linear velocity of 0.5 m/s, feed inlet temperature of 60 • C, permeate inlet temperature of 20 • C, and feed NaCl concentration of 1%. The ETN model results are presented in Fig. 6 , which are in agreement with the solution by the Navier-Stokes equation reported in [10] - Fig.8(b) . Therefore, the ETN model is able to capture the system dynamics despite its simplicity.
C. Effect of linear velocity on the mass flux
The feed/permeate inlet linear velocities were varied from 0.17 m/s to 0.55 m/s to observe the change in total flux in (l/m 2 hr). The test was simulated for the following conditions: the feed inlet temperature was set to 60 • C, the permeate inlet temperature of 20 • C, and the feed NaCl concentration was 1%. The results are presented in Fig.7 and shows good agreement with experimental measurements 
D. Effect of linear velocity on the outlet temperatures
In this experiment, the feed inlet temperature was set to 60 • C, the permeate inlet temperature of 20 • C, and the feed NaCl concentration was 1%. The feed and permeate outlet temperatures for various inlet linear velocities are presented in Table IV and compared to experimental data reported in [10] - Table 3 with less than 3% error observed.
IV. CONCLUSION
This work derived an electrical thermal network to model the dynamics of heat and mass transfer of DCMD. Several model parameters were identified. Then, the model was simulated and tested under various conditions and validated by experimental data reported in the literature. Three comparisons were made: First, the temperature distribution along the flow direction was simulated. Then, the effect of linear velocity on the outlet temperatures and mass flux was investigated. The flux increased with increasing feed velocity and inlet temperature. Good agreement was demonstrated between modeling results and experimental measurements.
This model is promising and can be extended to other MD configurations. The proposed model is also suitable for control and optimization applications based on differential algebraic equations optimization and control methods. Future work will be carried out with focus on control and process optimization. 
